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ABSTRACT

This paper introduces a method of predicting system robustness using
engineering models with aleatory uncertainty. The Stochastic Robustness
Evaluation and Categorization (SREC) method is useful for the design of systems
where performance along some dimension is limited by several failure modes.
SREC integrates and extends interaction plots and Monte Carlo methods to
complex engineering models. These complex models are often difficult to evaluate
and visualize due to the curse of dimensionality. SREC is effective for non-linear,
non-convex, non-monotonic, and discontinuous models due to its basis in Monte
Carlo methods. The method is based on the identification of low-performing
solutions, the construction of probability density functions and intervals from these
solutions, and the categorization of the input space based on the likelihood of low-
performing solutions occurring. Using SREC in the late stages of the design process
provides insight to the designer about possible improvements in the system’s
robustness. A ground vehicle model based on a US Army test procedure is used to
demonstrate the effectiveness of SREC on high-dimensional, multi-failure mode

models.
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1. INTRODUCTION AND MOTIVATION
Simulating an engineered system involves
mapping a set of design variables and
environmental parameters to a set of
performance metrics that a designer then uses
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to help inform a decision about the system
[1]. Often, the designer is concerned with
deciding among a set of design variables so
that the system performance meets or
exceeds a set of design requirements.
Acknowledging that design variables and
environmental parameters are subject to
inherent variance means that guaranteeing
that a system always performs well is
challenging and often impossible. Assurance
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that a system performs well must be done
probabilistically, and can only quantify how
often the system is expected to perform well
[2,3,4]. When inputs are represented as
probability density functions (PDF), the set
of inputs becomes an input space. For high-
dimensional input spaces, it is often difficult
to understand how combinations of inputs
interact to influence the system performance
when the number of inputs is large and
subject to aleatory uncertainty [5].

Approaches like Response  Surface
Modeling (RSM) assist a designer in
understanding how an output changes across
the input space, but the curse of
dimensionality makes visualizing the input
space difficult [6]. Aleatory uncertainty in the
form of input variance adds additional
challenge since the relationship between
input and output is no longer strictly
deterministic. Does the system perform well
at the nominal design point, but experience a
sharp decrease in performance when a single
input varies by a small amount? Are there
emergent combinatorial effects when
multiple inputs vary? These questions
fundamentally underpin robust design
methodologies, and are critical for designers
seeking to develop robust, high-performing
systems [2]. The Stochastic Robustness
Evaluation and Categorization (SREC)
method, developed in this research, is used to
evaluate the robustness of a modeled system
in the detailed design phase. At this stage of
the systems design process, the nominal
values of the design variables have been
specified but may vary due to aleatory
uncertainty. Further, environmental noise
factors that are not controlled by the designer
but influence the behavior of the system are
introduced and may be represented as
deterministic values, probability density
functions, or as a range.

This research provides a formal method to
model, analyze, and visualize predictive
performance models and associated non-

linear interactions of complex simulated
systems. A method is developed using aspects
from design of experiment (DOE) methods
and the Monte Carlo method (MCM).

DOE methods are useful for analyzing
predictive models, though these models are
often ill-behaved, and Taguchi’s foundational
DOE technique assumes a linear and
monotonic relationship between input and
output [7]. In practice, real engineered
systems often exhibit non-linear, non-
convex, non-monotonic, and non-continuous
behavior over their input spaces, and models
of these systems must faithfully capture these
ill-behaved phenomena [8]. Despite their
limitations, interaction plots are a useful and
widely adopted tool for exploring
interactions among discrete, typically
extreme values of a high-dimensional input
space [7,9,10].

MCM does not stipulate that the
relationship between model inputs and
outputs must be linear, continuous,
monotonic, or convex — MCM can operate on
any input-output relationship expressible as a
black box function that maps an input space
to an output space [2]. MCM results in an
output distribution generated from input
values sampled from their respective
probability density functions. However, a
typical MCM does not explicitly connect the
output values to their respective inputs, nor
does it explicitly capture the interactions and
combinatorial effects of the input space,
which interaction plots do. MCM is output-
focused, and an extension of the method is
required to link outputs to a combination of
input values.

The SREC methods is comprised of six
steps, described below.

1. Execute a Monte Carlo simulation over

the input space.

2. Identify solutions that perform outside

of the thresholds set by the functional
requirements.
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3. Construct a subset of the input space
from these low-performing solutions,
the OTS.

4. Construct probability intervals around
the inputs and their respective OTS.

5. Identify and categorize regions bounded
by the probability intervals.

6. Quantify likelihood of poor performance
within each region.

SREC involves running Monte Carlo
simulations over the input space, then
constructing subsets of the output space that
do not meet specified thresholds. This subset
is termed the Outside-of-Threshold Set, or
OTS. The construction of the OTS is shown
in Fig 1. Some models consider several
physical phenomena that limit the
performance. These limiting phenomena are
called failure modes in this paper, and the
identification, prediction, and reduction of
failure modes is a crucial task in systems
design [11]. For a model with several failure
modes, an OTS of each failure mode can be
constructed and analyzed separately from the
other failure modes.

Inputs ~|
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Figure 1: Construction of OTS distributions.

For each input sample distribution and its
subset distributions, probability intervals on
the input set and OTS are used to categorize
the input sample distribution into four
regions, shown in Fig 2. These regions
correspond to four cases of an input’s

likelihood to occur, and given its occurrence,
its likelihood of yielding performance that
does not meet the design requirements.
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Figure 2: Input distribution with OTS distribution
and probability intervals around the distributions.

The structure of the paper follows. Section
2 presents an overview of relevant literature.
Section 3 introduces the steps of the SREC
method, the categorization of regions within
the input space, and the presentation of
results. Section 4 applies SREC to a high-
dimensional, multi-failure mode ground
vehicle model based on US Army Test
Operation Procedure, TOP 02-2-610 [12].
This testing procedure describes several
failure modes that may limit performance
when  operating in steeply graded
environments and demonstrates the utility of
SREC in evaluating the sensitivity of a
system to input variance over a large input
space. Section 5 discusses the applicability
and limitations of the method, which
motivates the future work, and concludes
with a summarization of the work.

2. LITERATURE REVIEW

Robust design engineering stems largely
from the work by Taguchi in the automotive
manufacturing industry [9]. Key to the
development of robust systems is the
classification of system inputs into factors a
designer can control and noise that is costly
or impossible to control or reduce [13,14].
Taguchi’s approach to systems design is to
select controllable parameters that yield both
desired system performance at the selected
design point and a minimum of performance
drop-oft due to noise and variance. This task
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is made difficult when many noise factors
and many control variables make developing
an understanding of system response difficult
[10].

Central to grappling the task of mapping the
input space to system response are design of
experiments (DOE) methods. DOE methods
systematically vary input parameters
between high and low settings and observe
the system response [7,9]. High-dimensional
input spaces can be explored in full-factorial,
half-factorial, quarter-factorial, and so on
based on the size, computational resources,
and sampling resolution needed by the
designer [7]. These exploratory design
experiments assist a designer in developing a
high-dimensional response model of a
complex system, though a foundational
assumption is that system performance
between the low and high settings is linear,
monotonic, and continuous [15].

Extensions and methods have been
developed to address the needs of complex
engineering problems. Uncertainty, both
quantifiable in the form of noise and
unquantifiable in the form of missing
information or poor information quality
about the phenomena affecting a system have
been addressed by [14,16,17,18,19]. Taguchi
proposes  robust engineering as a
minimization of quality loss after product
deployment [9]. Optimization methods have
been developed and integrated with existing
robustness methods to codify and facilitate
robust, high-performing, high-quality
systems and products [4,14,20,21,22]. Much
of the literature frames systems design as a
multi-objective optimization (MOO)
problem, and the authors acknowledge that
systems are evaluated on, ranked by, and
ultimately selected on the basis of several
(often) competing performance metrics
[2,4,13,15,23,24,25]. However, the examples
presented in this paper consider one
performance metric at a time — though SREC
may be applied to as many models of as many

performance metrics as is required by the
design problem.

Several challenges in systems design in
stochastic contexts are prevalent in the
literature. Many of these challenges stem
from the types of uncertainty in simulation
contexts, and what each type implies for the
reduction and management of a source of
uncertainty. Sinha et al categorize simulation
uncertainty  into  variability  (natural
uncertainty), model parameter uncertainty
(data wuncertainty), and model structure
uncertainty (model uncertainty) [26].

Variability generally aligns with the
accepted definitions of aleatory uncertainty,
which is the inherent, irreducible uncertainty
of phenomena within a system [3,16].
Parameter uncertainty straddles both aleatory
and epistemic uncertainty definitions. A
designer may be unsure of what value a
design variable or parameter takes on, but
depending on the information available to the
designer, may be able to quantify the
uncertainty (aleatory). They may also have to
accept that there are influencing factors yet
unknown to the designer (epistemic), though
they may be discovered through additional
effort [16,26,27,28]. Model structure
uncertainty is most aligned with accepted
definitions of epistemic uncertainty, where
the phenomena, inputs, control factors, and
noise factors of a system may be unknown, or
must be approximated or neglected via model
assumptions [19,26,29,30]. SREC explicitly
addresses quantifiable variability and model
parameter uncertainty. Insights about
possible areas for epistemic uncertainty
reduction or model refinement can be
gleaned from applying SREC, though only
aleatory  uncertainty is  quantifiably
addressed. Support methods for handling or
reducing epistemic uncertainty have been
developed in [29,30,31].

Another challenge in systems design is the
inclusion, intentional or otherwise, of excess
capability in a system [24, 25]. Margin refers
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to excess performance, robustness, and
reliability — a factor of safety on the
endurance strength of a component is a
common example of margin in engineered
systems [24]. Margin may be included as
insurance against misuse, overuse, Or
premature failure, or it may be included as a
means of “future-proofing” a system against
changing requirements. Real-world systems
are often designed under shifting use cases,
requiring the development of “flexible”
systems [32]. An example of margin for
future adaptability is the B-52 Stratofortress,
which has been in service since 1955, and is
intended to remain in service for over a
century. In this time, adaptations for fly-by-
wire, larger operational range, larger
payloads, and anti-aircraft detection and
avoidance have been implemented to
improve the B-52’s suitability for ever-
evolving missions [33]. Consideration of
mission scenarios and the uncertainty
inherent in carrying out real-world missions
is both critical to and a challenge for
simulation-based design processes [34].

In some cases, margin is included in a
design accidentally, as a byproduct of either
epistemic  uncertainty or of  poor
understanding of the stack up of margin in the
design variables [24]. The method presented
in this paper helps a designer understand the
individual and combinatorial effects of
design variables on system performance to
lessen the likelihood of unintentionally
including excessive margin. SREC also
assists a designer in selecting the right
amount of margin for a system. We will
demonstrate that the OTS may be unevenly
distributed across an input space, so that a
small adjustment in margin might drastically
increase the likelihood of a system failing,
and a large amount of intentionally included
margin may not significantly improve the
system’s robustness.

3. STOCHASTIC ROBUSTNESS
EVALUATION AND CATEGORIZATION

SREC utilizes the construction of sets and
the construction of probability intervals
around sets. Sets are constructed from the
input space, and the OTS is a subset of the
overall input space. The input space of each
design variable is divided into regions based
on the intersection of the probability intervals
constructed in the prior steps. The
interactions and combinatorial effects of the
inputs can be visualized using probability
density functions and quantified using
probability tables. The flowchart in Fig. 3
below outlines the steps for applying SREC
to a model of a system with outputs, y.

This section of the paper details each of the
steps in Fig. 3 Steps 1, 2, and 3 are discussed
in Section 3.1. Steps 4 and 5 are discussed in
Section 3.2. Steps 6 and 7 are discussed in
Section 3.3. Application of SREC to multi-
failure mode models is addressed in Section
3.4.

3.1 SET CONSTRUCTION

From repeated Monte Carlo simulations, an
understanding of output probability can be
developed from individual input probability
density functions. Designers typically place
an acceptable threshold on system
performance based on the design
requirements. MCM can tell the designer
what proportion of outputs fail to meet the
requirements, but MCM alone does not
inform the designer of what combinations of
inputs cause an unacceptable output value.
MCM also does not help assess the sensitivity
of input values to yielding poor performance
in combination with other inputs.

SREC requires tracking each input sample
during the execution of MCM. An indexed
set of each input variable, and an indexed set
of outputs is required. The global input space,
X, is represented as a matrix, with rows
corresponding to individual input sets, X;, and
columns representing samples over
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Figure 3: Steps of the SREC method.

successive simulations. For a model with »
inputs sampled m times, the following
representations of the input space are derived.
The global input space, X, can be composed
of individual input sets, X:. This is shown as

a column vector in Eqn. 1.
X1
X=14X (D
Xn
Each input set is a vector containing each
individual input sample taken over the
number of Monte Carlo simulations, m. This
is shown in Eqn. 2 as a row vector.
X; = {xm X xi,m} (2)
The total input space can thus be

represented as an n-by-m matrix shown in
Eqn 3.

X1 0 Xj ot Xam
X = xi,l . xi,j vee xi‘m (3)
Xni o Xpj o Xnm

A column selected from the input space
matrix represents an instance of the system,
subject to some aleatory uncertainty,
expressed as a design vector, DV. Each
design vector, DV}, is an individual instance
of the simulated system being perturbed by
some uncontrollable noise, and has an
associated performance y; belonging to the
output space Y.

Xl']'
wf)
xn']-
Yy = {yl “ee y] “ee ym} (5)

Each output, y;, is therefore a function of
some j design vector, DV;. The deterministic
model of the system is considered as the
function mapping each DV to some y.

yi = f(DV)) (6)

Each output is compared to the performance
threshold level, yireshod, set from the
functional requirements of the system. If an
output is below ymreshola, its index is mapped
back to the input space, where those inputs
are then stored in the OTS. A given input, xij,
is a member of that input’s OTS, X ors, if it is
part of a design vector that yields a below-
threshold performance. Eqn. 7 outlines the
construction of these subsets for all inputs
making up the global input space. For some
j™ output, the following holds:

Xiors = {xi; € Xi|y;(DV}) < Yenresnora} (7)

The next section details constructing
probability density functions from an input
set and its below-threshold set, and the
construction of probability intervals around
each set.

3.2 CONSTRUCTING PROBABILITY
DENSITY FUNCTIONS

Each input set, X, is represented as an m-
length vector, and each input set has a
corresponding OTS, X;ors, with length less
than m. Given sufficiently large m, a
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histogram can be constructed from each input
set that approximates the input’s probability
density function. The input distributions
shown are Gaussian, though they may take on
any PDF the designer chooses to represent an
input’s aleatory uncertainty.

Overlaying the PDF of the OTS over the
PDF of the input set is the primary means of
quantifying and visualizing how the
likelihood of poor system performance
changes over the input space in SREC. The
proportion of the input space taken up by the
OTS, informs the designer of how probable a
poor-performing system is to occur.
Parameters like the OTS variance, skewness,
or bimodality suggest that other phenomena
are affecting the system performance. This
may prompt a designer to consider individual
failure modes of a system — this is discussed
in Section 3.4. In this way, SREC indicates to
the designer that additional model refinement
or epistemic uncertainty reduction could help
evaluate the system of interest. The location
of the OTS within the input space informs the
designer of whether an input is particularly
impactful to the output. An OTS that is
widely distributed over the entire input space
indicates that specific values of that input do
not affect the output much, and that low
performance is caused by other inputs. An
OTS that is clustered densely within the tails
indicates that the input has a strong impact on
performance. The height at some “slice”
along the input space indicates to the designer
the likelihood of failure at that point. When
the height of the OTS distribution at some
point is high relative the the input
distribution, then that design point has a high
likelihood of poor performance relative to the
likelihood of that design point occurring.

Fig. 2 shows the input distribution and the
overlain OTS. Note that the OTS is not
necessarily the same shape as the input set,
nor must its mean, median, or mode coincide
with that of the input set. Additionally, the
shape of the OTS may offer insights to the

designer about the system behavior that
MCM and interaction plots alone cannot
provide. Fig.2 also shows an OTS with
bimodality, which may imply that there are
several failure modes contributing to the OTS
shape within the input space. Analysis of the
parameters and shape of the OTS are
discussed further in Section 3.3.

Having constructed PDFs of the input set
and its out-of-threshold subset, probability
intervals are constructed around the
distributions. The choice of probability value
is arbitrary; all examples in this paper use a
two-tailed interval that contains 95% of the
values. Probability intervals on the input set
and OTS distributions are shown in Fig. 2.

The bounds on the input set’s interval are
denoted [& Z-], and denoted [XLOTS, M] for

the OTS. The bounds are defined by Eqn. 8
and Eqn 9.
P (& <x < Z) =0.95 (8)

P (Xiors < %i; < Xiors) = 0.95 ©)

The next section details the
categorization of regions of the input space
based on the overlap of the intervals. This
categorization, and the proportion of each set
that lies within each region, ultimately works
towards analysis and quantification of the
robustness of a modeled system.

3.3 CATEGORIZATION OF INPUT
SPACE

Constructing probability intervals around
the input distribution and its OTS divides the
input space into four regions, shown in Figs.
4a-d. Region I corresponds to the case where
samples are within the probability interval of
the input distribution, but outside of the
interval of the OTS distribution. This paper
refers to the regions of a distribution that lie
outside of the interval as the tails of that
distribution. Region II is made up of samples
that fall within the probability intervals of
both distributions. Region III samples are in
the tails of the input distribution, but within
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the OTS probability interval. Region IV
samples are outside of both distributions’
probability intervals — it is composed of the
tails of both input and OTS distributions.
The interval bounds can take one of four
permutations, shown in Table 1. Case A
covers when the input set probability interval
fully encompasses the OTS probability
interval, shown in Fig. 4a. Case B is when the
OTS interval fully encompasses the input set
interval, shown in Fig. 4b. Case C covers
situations when the bounds on the OTS

Table 1: Cases for probability interval order

straddle either the upper or lower bound of
the input set, shown in Fig. 4c. Case D is the
case when the OTS probability interval is
fully outside of the input set interval, shown
in Fig. 4d. For cases C and D, the inverse is
considered to be equivalent — SREC does not
differentiate between an OTS clustered in the
left tail or the right tail of the input PDF. What
is significant to the evaluation of robustness
and input interaction is whether the OTS is
clustered to one end of the input space or
distributed over the selected design point.

Case Histogram Description Boundary Order
. L L - | U - | U
.F igure 4a: QTS ower mgr Isﬁzr ppet
Case A interval contained X X —
within input interval i | Ziors | Xiors | Xi
Figure 4b: Input Lower Lovx_/er— Upper— Upper
Case B interval contained Mid Mid
within OTS interval Xiors & X; Xiors
Lower | Lower- | Upper- Upper
Figure 4c: Overlap of Mid Mid
Case C OTS and input Xiors & Xiors X;
intervals v
& Xiors X; Xiors
Lower Lower- Upper- Upper
Figure 4d: No overlap Mid Mid
Case D gf OTS1 and input Xiors | Xiors & X;
— Interva —
Vi I v & X; Xiors | X i,0TS
I v

From Table 1 it can be seen that in cases A
and B, when the input set interval fully
encompasses the OTS interval and vice versa,
then some regions are not present. When the
OTS interval is completely contained within
the input set interval, then there are no
solutions in Region III. When the OTS
completely contains the input set — a case
where the OTS has high variance and heavy
tails, then there are no Region I solutions.

Having constructed probability intervals
and established regions based on the
intersection of the input and OTS intervals,
criteria for evaluating the robustness of a
design are established. It is preferred that the
OTS is small overall — it is preferable for the
system to have a low likelihood of
experiencing failure over the entire input
space [4]. However, discretizing the input
space into individual regions reveals more
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information about the robustness of the
system, especially in cases where the OTS is
not small.

It is also preferable for the OTS to take up a
small proportion of samples in Region I, and
for Region I to contain the nominal design
point. Region II is the region in which poor
system performance is most expected, but it
is still preferable for the proportion of failures
in Region II to be small. There are cases in
which Region I does not exist, or Region II
has a very large interval. These cases are not
a problem for the designer on their own — it
is acceptable for Region II to cover a large
region of the input space if the size of the
OTS is very small. Likewise, it is acceptable
for Region I not to exist if the OTS is very
small.

Cases where the OTS lies in the tails of the
input distribution are preferable, as this
indicates that variation away from the
nominal design point is unlikely to increase
the likelihood of a poor performing system.
The further into the tails the OTS is pushed,
and the smaller this set is relative to the input
set, the more assurance a designer has that the
design has a low likelihood of experiencing
adverse performance at the selected design
point. An OTS that is clustered in the tails of
a given input distribution indicates that this
input is a strong contributor to the system
performance. Alternatively, when the OTS is
roughly centered within the input set, it
indicates that other inputs are contributing to
the system’s failure to meet performance
requirements.

Observing where the OTS exists within the
input space can help a designer determine
which inputs are especially critical in
meeting system requirements, and inform the
designer where to allocate resources in the
design process. Inputs with an OTS that has a
mode occurring at or near the input mode,
and variance similar to the input variance
indicates that the system is insensitive to
changes in this input. The OTS may still be

large in this case, indicating a high likelihood
of failure, but reducing failure likelihood and
ensuring system robustness cannot occur
from changes in these insensitive design
variables.

Based on the four cases of interval order and
the size of the OTS relative to the input set,
three criteria that indicate a robust, high-
performing vehicle are established.

1. It is preferable for Region I to exist for a
given input. An OTS with lower
variance and lighter tails than the input
set is preferred.

2. Region I should be large. The probability
interval on the OTS should be as narrow
as possible relative to the input set.

3. A designer should primarily prefer for
the OTS within Region I to be small, and
secondarily, prefer for the OTS to be
small over the entire input space.

A selected design that fulfills these criteria
indicates that the selected nominal design
point ensures robustness to aleatory
uncertainty. Categorizing the input space into
regions also indicates the interaction of
inputs, highlighting especially sensitive and
insensitive regions of the input space.

SREC demonstrates that while Monte Carlo
methods alone can assess the likelihood of a
system failing to meet requirements across
the total input space, and interaction plots can
indicate system response for varying inputs at
a low level of resolution, there is added value
in understanding how each input, in
combination with the other inputs,
contributes to  system  performance
probabilistically [23]. A low likelihood of
poor system performance is always the
preference of a designer. In the face of
aleatory uncertainty and input noise, it is also
valuable for a designer to assess how the
likelihood of poor performance changes over
the input space, and to ensure that values near
the selected design point have a low
likelihood of performing poorly.
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3.4 MULTI-FAILURE MODE SYSTEMS

Engineered systems often have several
failure modes that are active over different
regions of the input space. The selection of a
design point must consider the tradeoffs of
choosing designs that are more susceptible to
one failure mode over another, and SREC
provides support in making such tradeoffs.
The ground vehicle example presented in
Section 4.2 presents a case where the
mobility of the vehicle is determined by
predicting the maximum slope a vehicle can
ascend. The maximum slope is limited by one
of three failure modes: tip-over, traction loss,
or insufficient torque.

The SREC method may be applied to
individual failure modes, if the model is
extended to store and index the failure mode
on performance. It should be noted that
additional modeling effort may be needed to
consider additional failure modes and extend
the model to track and index their occurrence
over repeated Monte Carlo sampling. The
example presented in Section 4.2 uses a
series of if-then checks to determine which
failure mode was active when the system
output failed to meet performance
requirements.

In multi-failure mode models, SREC can be
applied to all outside-of-threshold inputs, or
applied individually to each failure mode.
This is demonstrated in Fig. 5, where the total
OTS is a two-humped distribution. Suppose
that a closer look at the physics of the model
reveals that there are two physical
phenomena that cause the system to fail to
meet a performance requirement, and the
model is extended to track which
phenomenon is at fault for causing a sample
to fall in the OTS.

Total OTS

N

OTS due to FM, OTS due to FM,

Figure 5: Decomposition of the total OTS into
individual failure modes.

Probability intervals are constructed around
the OTS of each failure mode, and the same
procedure for constructing regions as the
total OTS can be followed. The size of each
failure mode’s OTS relative to the other
failure mode informs the designer of what
failure mode is most often the limiting case
for system performance. Identifying each
failure mode’s contribution to the total OTS
in cases where the OTS has high variance is
also helpful. There may be regions of the
input space in which a failure mode is more
active, and regions where another failure
mode is more active.

Designers can use this knowledge of what
failure modes limit performance, where
within the input space they limit
performance, and how often they occur, to
better evaluate system robustness. For
example, some failure modes may be
especially detrimental to the system in terms
of structural damage, financial loss, or danger
to human users. Others may be relatively
benign in context of the entire system life
cycle, but still cause the system to
underperform in the context of some
scenario. For example, the gradeability
example in Section 4.2 considers both tip-
over and traction loss as physical phenomena
that prevent a vehicle from ascending a grade.
Vehicle tip-overs are catastrophic failures and
are likely to render a wvehicle totally
inoperable in the field and cause injury to the
occupants. Another failure mode, traction
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loss, is unlikely to render the vehicle
inoperable, as the vehicle will most likely
slide down the grade to a point where it
regains traction. The vehicle fails to ascend
the grade in that scenario, but the vehicle is
not damaged to an extent that it cannot
continue to operate in other scenarios and
along other performance dimensions. In such
a case, vehicle designs with a small tip-over
OTS relegated in the tails of the input space
are preferred, even if the traction-loss OTS is
larger and the selected design point is
encapsulated in the traction-loss OTS
interval.

4. APPLICATION OF SREC TO
GROUND VEHICLE MODEL

An example model based on a US Army
Test Operation Procedure, TOP 02-2-610
Gradeability and Side Slope Performance is
analyzed using SREC. This testing procedure
prescribes testing methods to determine a
ground vehicle’s performance in graded
environments. The specific test presented
here is 4. 1.3 Longitudinal Slope Speed which
determines a wheeled vehicle’s ability to
drive up a longitudinal grade when starting
from rest on the grade. The test prescribes
three conditions that indicate the vehicle’s
failure to ascend the grade: tip-over, traction
loss, and insufficient torque.

Figure 6: HMMWV ascending a grade.
The vehicle is to be started from rest and

driven up slopes of increasing grade, until a
grade that the vehicle cannot ascend is found.
When the scenario is conducted in real-life,
the vehicle is instrumented and observed by
the conductors of the test to determine if a
failure mode occurs. In tip-over failures, the
vehicle’s front wheels lose contact with the

ground, and the vehicle rolls over backwards.
In traction failures, the tires have insufficient
grip to hold the vehicle on the grade, and the
vehicle slides down the grade. In cases where
the vehicle has insufficient torque from the
driveline, the vehicle cannot begin to move
from a stop, even if the tires have sufficient
grip.

A MATLAB model based on this testing
standard uses a series of checks to determine
if the vehicle meets or fails each failure mode
at a given grade. Front and rear tire normal
forces, tractive force, tire grip force, and the
horizontal position of the center of gravity are
determined. The vehicle experiences tip-over
failure when the front wheel normal force
drops to zero. The vehicle model experiences
traction failure when the friction force —
calculated  using  Coulomb friction
assumptions, is less than the component of
vehicle weight acting parallel to the grade.
The vehicle model experiences torque failure
when the tractive force is less than the
component of vehicle weight acting parallel
to the grade. The bisection method is used to
converge to a maximum critical grade value.
The active failure mode when the model
converges is taken as the failure mode for that
design vector.

The model takes seven design variables as
input, where four are represented using
probability density functions. The height of
the center of gravity (CG), static coefficient
of friction between wheel and ground, and
driveline gear reduction are taken as
deterministic inputs. The vehicle weight,
horizontal distance from the CG to the rear
wheel, horizontal distance from the CG to the
front wheel, and peak torque from the motor
are represented as Gaussian distributions.

The selected design points are based on the
HMMWYV, though standard deviations are
exaggerated in this example to increase the
size of the input space, and increase the
likelihood of a DV failing to meet
performance requirements. The results of this
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model are not indicative of actual HMMWV
performance on grades, but is done so the
OTS sets are large and easily visualized for
the purposes of demonstrating SREC. Table 2
shows each of the stochastic inputs to the
model, and their mean and standard
deviation. The gradeability threshold for this

model is 27.0 degrees.
Table 2: Parameters of gradeability model inputs.
Design Variable Mean Stal}d?rd
Deviation

Vehicle Weight [N] | 60,000 N 5,000 N
CG to R. Wheel

Distance [m] 18 m tm
CG to F. Wheel
Distance [m] fam 0om
Peak Motor Torque 515 Nm 150 Nm
[Nm]

This model formulation, with four
stochastic inputs and one output, yields a
five-dimensional model, and a four-
dimensional region of below-threshold
values bounded by ymresnoa. The high
dimensionality of this problem makes
visualizing the combinatorial effects of
design variables difficult. Running Monte
Carlo simulations alone yields the designer
limited information about how variance in
the design variables increases or decreases
the likelihood of the system failing to meet
requirements. To demonstrate this, the setup
for the MCM model of the gradeability model
is shown in Fig. 7, where the likelihood of the
vehicle underperforming is found to be
22.9%.

—_—
Weight
—_—

CG to R. Wheel | Gradeability

Model

CG to F, Wheel
—_—

Peak Torque

0 10 20 30 40
Critical Grade, degrees

Figure 7: Monte Carlo simulation of gradeability
model.

The model considers four inputs, each with
an OTS for all below-threshold values, and
an OTS for each of the three failure modes.
This yields sixteen histogram plots and

probability tables. Every input, failure mode,
and probability table is not shown in this
example — a few key illustrative examples are
shown, though data for the entire model is
available. A primary function of the
gradeability example is to demonstrate the
application of SREC to multi-failure mode
models. Shown in Fig. 8 is the peak motor
torque input and its OTS for all failure mode
together and individually. It is shown here
that similar to Fig. 5, the OTS due to all
failure modes combined can be discretized
into individual OTS histograms.

From these figures, it can be seen that each
failure mode sums together to form the OTS
of all below-threshold values. Failure to meet
requirements due to traction failure results in
an OTS that is centered within the input space
of peak motor torque, while failure to ascend
a grade due to insufficient torque is skewed
heavily left within the input space. Relatively
few DJ”s result in a tip over failure, but those
that do have a large variance over the input
space, indicating that peak motor torque is
not influential on tip-over failures.

)))))

0
0 200 400 600 800 1000 0 200 400 600 800 1000
Peak Motor Torque, All Failure Modes Peak Motor Torque, Tip-Over Failures

200 400 600 800 1000 0 200 400 600 800 1000
Peak Motor Torque, Torque Failures

“Peak Motor Torque, Traction Failures
Figure 8: Multi-failure mode decomposition of peak
motor torque input.

An input of interest is the CG to rear wheel

distance. This is a case where the OTS of all

failure modes has a higher variance than the
input distribution itself, corresponding to
case B from Table 1. This can be seen in Fig.
9, where the probability interval on the OTS,
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shown in dashed red, fully encompasses the
probability interval of the input set, shown in
solid blue. Considering each failure mode on
its own reveals that no individual failure
mode has a higher variance than the input set,
but the summation of all failure modes yields
a high overall variance.

This input shows a high OTS variance when
considering all failures together. Considering
each failure mode alone provides additional

design decision-making affordance to a
CG to R. Wheel Distance

1500 1500

0 1 2 3 4 0 1 2 3 4
Subset of all failures Subset of tipover failures

1500 1500

1000

1
1
1
500 I

0
0 1 2 3 4 0 1 2 3 4

Subset of traction failures Subset of torque failures

Figure 9: SREC output plots for CG to rear wheel
distance input.

Table 3: Probability table for all failure modes of
CG to rear wheel distance input.

Reg. II | Reg. III Reg. IV
Input 95.0% | 3.4% 1.6%
Proportion
0TS 20.1% | 1.8% 1.2%
Proportion
oT 212% | 53.8% 72.3%
Likelihood ) ) )

Table 4: Probability table for tip-over failures of
CG to rear wheel distance input.

Reg.I | Reg. II | Reg. IIT | Reg. IV
Input | g 206 | 6.8% | 2.4% | 2.5%
Proportion
OTS 1 o1% | 06% | 1.5% | 0.0%
Proportion
OT 0.1% | 84% | 594% | 1.6%
Likelihood ’ ’ ’ ’

designer. Tip-over failures are catastrophic
failure modes, posing a high risk of damage
to the system and danger to the occupants of
the vehicle. The OTS of the tip-over failure
mode indicates that Region II of the tip-over

plot takes up a small amount of the input
space overall — only 6.8% of all values fall
within this region, and the region itself has an
8.4% chance of failure. Region I takes up
88.2% of the input space, and contains the
selected design point. The likelihood of
experiencing a tip-over failure within Region
I is 0.1%, indicating a high degree of
robustness to tip-over failures at the selected
design point.

Another input of interest is the vehicle
weight, where the variance of the total OTS
is not much different from the variance of
each failure mode OTS, shown in Fig 10.
This indicates that the vehicle’s weight is not
a particularly strong contributor to the
gradeability performance of the vehicle for
any of the failure modes considered.

In this case, Region I of the total OTS is
very small, and Region II takes up the
majority of the input space. The tip-over
failure OTS shows a similar pattern, where
Region II occupies 93.2% of all inputs, but
since the likelihood of failure within Reg. II
is only 2.1%, a designer has some assurance
that the likelihood of experiencing a tip-over

failure is low. The other failure modes have
Vehicle Weight

1000

4 5 6 7 4 5 6 7
Subset of all failures « 10* Subset of tipover failureso*

1000

800

1 1
1 1
1 1
600 | |
400 1 1
1

200

0
5 6 7 4 5 6 7

Subset of traction failureso’ Subset of torque failuresio*

Figure 10: SREC output plots for vehicle weight
input.
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Table 5: Probability table for all failure modes of
vehicle weight input.

Reg.1 | Reg. Il | Reg. IIl | Reg. IV
put 16 905 | 94.1% | 03% | 4.7%
Proportion
OTS 1 01% | 21.9% | 0.1% | 1.0%
Proportion
OT 0, o 0, 0,
Likelihood 14.6% | 23.2% | 25.0% | 21.7%

Table 6: Probability table for tip-over failures of
vehicle weight input.

Reg.1 | Reg. Il | Reg. IIl | Reg. IV
Input 1 qor | 9329% | 09% | 4.1%
Proportion
OTS 1 00% | 20% | 00% | 0.1%
Proportion
OT 11% | 21% | 43% | 1.7%
Likelihood | " : : :

similarly large variances, which indicates that
design effort to control the variance in weight
is not likely to yield much improvement in
gradeability performance — design effort is
best spent on other inputs.

5. Conclusion and Future Work

The work in this paper presents a method
for mapping a system performance value to
the design variables that yield that
performance when the design variables are
subject to wuncertainty. Constructing a
probability distribution from the OTS affords
the designer several insights in the design
process. Inputs at or near the mode of the
OTS distribution indicates that there are
many design variable combinations that yield
a poor-performing system at that input value,
indicating that that input value is particularly
active in contributing to poor system
performance.

The size and location of the OTS’s
probability interval within the input space
also indicates how active of a contributor an
input is to system performance. When the
OTS is centered within the input distribution
with roughly equal variance to the input set —
take the HMMWV’s weight input as an
example — the OTS for each failure mode is
approximately centered and has similar

variance to the input distribution. This
indicates that the input is not a strong
contributor to the system’s failure to meet the
gradeability performance threshold. The
likelihood of failing to meet requirements at
some input value relative to the likelihood of
that input value occurring is roughly even
across the input space in such cases. In cases
where the OTS is heavily shifted to the left or
right of the input space, it indicates that the
region of the input space where the OTS is
clustered should be avoided, or design
decisions to shift the OTS further into the tail
of the input distribution should be made. This
is especially valuable to the designer when
considering several failure modes, as some
failure modes are more likely in one region of
the input space than another.

The consideration of where the OTS lies is
codified and quantified using the region
classification system and probability tables.
It is preferable for Region I to be as large as
possible, with as low of a likelihood as
possible of outside-of-threshold values
occurring in this region. Region II is
preferred to be small, as this region contains
designs with a high likelihood of occurrence
and high likelihood of poor performance.
Region III is also preferred to be small,
though values in Region III do not occur
often, as they are in the tails of the input
distribution. Region IV is of least concern,
where occurrence and poor performance are
both unlikely.

A promising use case for SREC is in multi-
failure mode systems, where a probabilistic
assessment of several failure modes over the
input space is a fundamental feature of the
method. SREC can be used to assess the
likelihood of individual failure modes, and
where they exist relative to the selected
design point. If a failure mode OTS lies to the
left of the selected design point, for example,
and this failure mode is a critical, catastrophic
failure mode, then a designer knows that
effort to control the variance in that region of
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the input space will have the largest impact
on improving the robustness of the system.
SREC is an additional tool to quantify both
the likelihoods of poor performance due to all
identified failure modes, but to qualify where
they occur within the input space and what
inputs are particularly strong contributors to
those failure modes.

All examples demonstrated in this paper
considered a single performance metric for
evaluating system performance. Most, if not
all, engineered systems are evaluated on
several ~ performance  metrics. The
gradeability example indicated that weight is
not a strong contributor to HMMWV
performance in graded environments, and
that design effort is better spent on
controlling the variance of other design
variables. However, the HMMWYV is
evaluated on many different performance
metrics, some of which are heavily
influenced by vehicle weight. SREC seeks to
support the systems design process, and
given that systems design is often a multi-
objective problem, SREC and its methods
can be applied to individual performance
metrics, though it only addresses the effects
of variance at a single design point on a single
performance metric in question.

Future work includes extending the SREC
method to a range of design points, instead of
evaluating a single selected design point.
Doing so will allow this method to support
design optimization methods in which the
nominal performance, likelthood of poor
performance due to random variations, and
region in which poor performance is more
likely can be simultaneously optimized.
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